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Abstract. The necessary conditions that the spurious state associated with the translational motion and
its double-phonon state have zero excitation energy in Extended RPA (ERPA) theories which include both
one-body and two-body amplitudes are investigated using the small-amplitude limit of the time-dependent
density-matrix theory (STDDM). STDDM provides us with a quite general form of ERPA, as compared
with other similar theories, in the sense that all components of one-body and two-body amplitudes are
taken into account. Two conditions are found necessary to guarantee the above property of the single and
double spurious states: The first is that no truncation in the single-particle space should be made. This
condition is necessary for the closure relation to be used and is common for the single and double spurious
states. The second depends on the mode. For the single spurious state all components of the one-body
amplitudes must be included, and for the double spurious state all components of one-body and two-body
amplitudes have to be included. It is also shown that the Kohn theorem and the continuity equations for
transition densities and currents hold under the same conditions as the spurious states. ERPA theories
formulated using the Hartree-Fock ground state have a non-hermiticity problem. A method for formulating

ERPA with hermiticity is also proposed using the time-dependent density-matrix formalism.

PACS. 21.60.Jz Hartree-Fock and random-phase approximations

1 Introduction

The double-phonon states of giant resonances have be-
come the subject of a number of recent experimental and
theoretical investigations [1,2]. In the case of giant reso-
nances (single-phonon states), the Random Phase Approx-
imation (RPA) has extensively been used as a standard
microscopic theory to study basic properties of giant res-
onances [3]. It is guaranteed in RPA that physical states
do not couple to spurious states such as that associated
with the translational motion because RPA in the Hartree-
Fock (HF) basis gives zero excitation energy to spurious
states [4]. For a microscopic study of the double-phonon
states of giant resonances, we need to extend RPA to deal
with two-body amplitudes as well as one-body amplitudes.
One of such an Extended RPA theory (ERPA) may be the
Second RPA (SRPA) [5] which has also extensively been
used to study decay properties of giant resonances [6,7].
When the double-phonon states are studied in ERPA, it
should be guaranteed that both spurious states and their
double-phonon states are decoupled from physical states.
The aim of this paper is to investigate the necessary con-
ditions that the spurious state associated with the trans-
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lational motion and its double-phonon state, i.e. the sin-
gle and double spurious modes, have zero excitation en-
ergy in ERPA. We use the small-amplitude limit of the
time-dependent density-matrix theory (STDDM) [8]. The
reason why STDDM is used is that, containing all compo-
nents of one-body and two-body amplitudes, STDDM con-
stitutes a more general framework of ERPA than SRPA. It
will be shown that keeping all components of the one-body
and two-body amplitudes in ERPA is essential in bringing
the spurious states to zero excitation energy. We would like
to point out that to our knowledge the issue of the double
spurious mode in ERPAs has never been addressed before
in the literature. Any ERPA including STDDM, which
is formulated using an approximate ground state, inher-
ently has asymmetry and non-hermiticity. A method for
recovering symmetry and hermiticity in the framework of
the time-dependent density-matrix formalism is also pro-
posed in this paper. The paper is organized as follows:
STDDM is presented and its relation to other ERPA for-
mulations is discussed in sect. 2. The necessary conditions
to give zero excitation energy to the spurious state associ-
ated with the translational motion and its double-phonon
state are discussed in sect. 3. The Kohn theorem [9-11]
and the continuity equations for transition densities and
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currents are also discussed as related subjects in sect. 3. In
sect. 4 a method for formulating ERPA with hermiticity
is proposed and sect. 5 is devoted to a summary.

2 Extended RPA formalism

2.1 Small-amplitude limit of the time-dependent
density-matrix theory

The time-dependent density-matrix theory (TDDM) gives
the time evolution of a one-body density-matrix p(1,1’)
and the correlated part C(12,1'2") of a two-body density-
matrix [12], where numbers denote space, spin, and isospin
coordinates. Linearizing the equations of motion for p and
C with respect to dp and §C, where §p and 6C' denote
deviations from the ground-state values py and Cy, i.e.
0p = p— po and 60C = C — Cy, respectively, we obtain
STDDM [8]. Expanding dp and 6C' with single-particle
states 1, as

p(11,t Z Taa(

aa’

Y Xapas(t)

afa’ B’
Xwa(lat)qybﬁ(zat)¢;’(1/at)w2’(2/at)7 (2)

and assuming the HF ground state, that is, py is the one-
body density-matrix in HF approximation and Cy = 0, we
obtain the following equations of STDDM for the Fourier
components of zao (t) and Xogars (t) [8]:

wa 1 t)¢2f(1/7t)7 (1)

5C(121'2' 1) =

(W = €a + €a)Taar = (far = fa) D _(aA[v]a’N)azrx

AN
+ Z [X,\)\/a/)\//<a)\/’|v‘)\)\/>
AA/A//
=X (AN [vla/ V)], (3)

(w—€a—ep+ea+eg)Xapap =
= [(fofor fir + fofar Fa)(ABIVI0/ B) aTax
A

+(fator for + fofor for) (aAv]a’ B') az g
—(faf fﬂ’ + fafsfa ) {aBvIAB") azrar

( for + fafﬂfa )<aﬂ|v\a )\>A$>\ﬁ/]
+Z[<1 - fa - fﬁ)(aﬁ|v|)\)\’)X/\>\,a/5,

AN
~(1= fur — o)AVl ) Xapan ]

+D [(for = fa){aA[v]a’N) a X prp

AN
—(far = fa)(@AVIN'B") A X n oA
+(f[3’ - fﬁ)<>‘ﬁ|v|)‘,6/>AXo¢)\’a’>\
—(far = f3)(ABlv|a/ XY A X anag], (4)
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where €, is the HF single-particle energy, f, = 1(0)
for occupied (unoccupied) single-particle states and
fo =1 — f,, and the subscript A indicates that the corre-
sponding matrix element is antisymmetrized. Let us men-
tion that eqgs. (3) and (4) may also be obtained from the
following equations of motion:

(Pollagaa, H]|P) = w(Polag aal|P), ()
(Dollag ag apae, H]|D) = w(Polajafasanl®),  (6)

where [ ] is the commutation relation, H the total Hamil-
tonian consisting of the kinetic energy term and a two-
body interaction, |$p) the ground-state wave function and
|®) the wave function for an excited state with excita-
tion energy w. Linearizing eqs. (5) and (6) with respect to
Toa! = (@0|a;r,aa\@) and Xogog = (¢0|az,a;,algaa|¢>,
and assuming the HF ground state for |®y) when expec-
tation values for the ground state are evaluated such as
(Polatan|Po) = Saar fo, We obtain egs. (3) and (4).

In the following, we discuss some relations of STDDM
with RPA and other versions of ERPA. When the coupling
to the two-body amplitudes X gq/a is neglected in eq. (3),
the equation for the one-body amplitudes becomes

(@ — €a + €a)Taar = (far = fa) D_(@AW]a/X) azra. (7)

AN

When f,, is the Fermi-Dirac distribution, eq. (7) is equiv-
alent to the finite-temperature RPA [13,14]. Hereafter,
single-particle indices p and h are used to refer to un-
occupied and occupied single-particle states, respectively.
Since the sums on the right-hand sides of the equations
for zpp, and xp, are unrestricted, x,, and xp, can couple
to zpp and zpp . Such a coupling scheme of eq. (7) may
be better understood in matrix form

see equation (8) on the next page

where obvious summation symbols and Kronecker’s §’s are
omitted for simplicity. Since the Hamiltonian matrix is
non-Hermitian, x4,/ is orthogonal not to x,. but to a
left-hand-side eigenvector Z,os which satisfies

(@ = €+ €ea)Trar = D_(fv = LA [N a)adiy

AN
=D ((pa|v]ha) aZy), — (havlpa) aTi,)
ph
(at temperature T' = 0). (9)

The matrix form of eq. (9) becomes
see equation (10) on the next page.

The orthonormal condition is written as

= T

ao’

V) (11)

xaa )\ ) = 5/\Xa

where |A) represents an eigenvector x,o with the eigen-
value wy, and |A\) the left-hand-side eigenvector of the
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ep — €n + (ph/[v[hp) 4 (pp'[v|hh') 4 (pp'[v]hp") 4 (ph[v]hh") 4 Ty Tph
—(p'llpp) a4 en — & — (hp'[ulph) 4 —(hp'[olpp”) 4 —(RA'Jolph )4 | | @np | _ | @k (8)
0 0 €p — €pl 0 mp”p’ mpp’ ’
0 0 0 €Ep — €Ep/ Tp''p! Thp!
ep — en + (p"h|v[h"p)a (p"'plv|h" ) A (P plvlh"pya  (p"hlv|h"H) A
e —(h"hlvlp"p)a en—ep— (h”plv\p/’hh —(h"plv[p"p")a —(h"hlv|p"h') 4
( xp//h//7mh//p//,.%'pp ,xhh/) 0 €p— € 0
P’
0 0 0 €n — €Ept
= w (f;h7f;p7f;p/,{f;h/) . (10)

Hamiltonian matrix with the eigenvalue wy. The com-
pleteness relation becomes

Y A= Zxaa
A

where [ is the unit matrix. These orthonormal and com-
pleteness relations are generalizations of the RPA ones.
Due to the occupation factor f, — f,/, the one-body am-
plitudes z,, and xpp vanish unless w = €, — o (see
eq. (7)), whereas Z .,/ always have all components as seen
from eq. (9): Zaqr corresponds to the generalized RPA am-
plitude which appears in the Landau’s expression for the
damping width of zero sound [15,16]. If the particle (p)-
particle (p) and hole (h)-hole (h) components of x,, are
neglected, eq. (7) is reduced to the RPA equations,

(W —€p + €n)Tpn = Z[(ph'\ﬂhp/),qxp/h/
plh/

+(pp'[v|hh) axpry ], (13)
(w—en+ep)tnp = — > _[(hh/|olpp’) aprn
p/h/
+(hp'[v[ph") azhrp]. (14)

When the coupling to the one-body amplitudes is ne-
glected in eq. (4), the equation for the two-body ampli-
tudes becomes

(w — €a — 6[‘3 + €a’ + eﬂ’)Xa,Bo/,B’ =
Z[(l - fa - f,@)<0€,6|'l}|)\>\l>X)\)\/a/B/

AN
—(1= far = for) QN o]0 B') Xagan]
+Z[(f04’ - fa)<a)\"v‘al>\l>AX)\/ﬁ)\ﬁ/

AN
—(fpr = fa)(@AIN ") A X\
+(fﬂ’ - fﬁ)<>‘ﬂ‘v|)‘/ﬂl>AXa)\’a//\

—(for = f3)(ABlv|a' N) aX annpr].

This equation is equivalent to the formula given in ref. [17]
for the two-body space. Keeping only the 2p-2h, 2h-2p and
1plh-1plh components of X,gq/5 in eq. (15) leads to the

(15)

version of ERPA for low-lying two-phonon states [18]. Tt
has been pointed out [18] that the 1plh-1plh components
of Xqpga’g are important to reproduce collectivity of low-
lying double-phonon states. A time-dependent version of
eq. (15) has been applied to the double-phonon states of
giant dipole and quadrupole resonances in “°Ca using a re-
alistic Skyrme-type interaction for both the mean-field po-
tential and the residual interaction, and it was found that
the 2p-2h, 2h-2p and 1plh-1plh components are the most
important two-body amplitudes for these double-phonon
states [19]. In egs. (3) and (4) the one-body amplitude
Zao and the two-body amplitude X548 have all com-
ponents: For example, xno has 1p-1h, 1h-1p, 1p-1p and
1h-1h components. On the other hand, only the 1p-1h and
1h-1p components of z,, and the 2p-2h and 2h-2p com-
ponents of X,ga/s are taken into account in SRPA [5]
and the SRPA equations are obtained from egs. (3) and
(4) by keeping only these amplitudes.

Equations (3) and (4) have asymmetric couplings be-
tween the x4 and X,go'@ amplitudes: In eq. (3) Zaar
couples to all components of X34/, while in eq. (4) only
the 2p-2h, 1p-3h and 1h-3p components of Xoga/p (and
their complex conjugates) couple to zaq due to the oc-
cupation factors (fsfa fa etc.). Equations (7) and (15)
which have no coupling between one-body and two-body
amplitudes are also non-Hermitian due to occupation fac-
tors such as f, — fo. The asymmetry and non-hermiticity
originate from the structure of the equations for the re-
duced density matrices (see egs. (5) and (6)). For a non-
Hermitian Hamiltonian matrix, the left-hand-side eigen-
vectors of the Hamiltonian matrix constitute a basis which
is orthogonal to (zaa’, Xagaers’ ), and the orthonormal con-
dition is written as

: mO&Q

ao’

+ > Xy (N Xagarg (X) = dax,
aBa’ B!

(XN AT aar (N)

(16)

where |A) represents an eigenvector (Zoa’, Xagarg) with

the eigenvalue wy, and |A) the left-hand-side eigenvector
of the Hamiltonian matrix with the same eigenvalue. The
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completeness relation is written as
xaa’(/\) ) ~ Ok
X Lo (xﬁﬁ/ (}\) X/B,.Yﬁl,y/(A)) =1. (17)
ZA ( aparp (A)

The asymmetry and non-hermiticity in egs. (3) and (4)
are necessary to prove the properties of the spurious states
and the Kohn theorems as will be discussed below. How-
ever, due to the non-hermiticity of the problem, some of
the eigenvalues may become complex. Our exploratory nu-
merical calculations for the oxygen isotopes 22240 using
the neutron 2s and 1d states and a pairing-type resid-
ual interaction which had been used in the calculations of
quadrupole states in these nuclei [20] show that the non-
hermiticity of STDDM is quite moderate: Only a small
fraction (about 10%) of the eigenstates have complex en-
ergies, whose imaginary parts are less than 0.1 MeV. The
results of these numerical calculations will be discussed
elsewhere. On the other hand, we will show in sect. 4 that
there is a prescription for constructing ERPA with sym-
metry and hermiticity using a correlated ground state in
TDDM.

3 Single and double spurious states

3.1 One-body and two-body operators for the
translational motion

We consider the following one-body and two-body opera-
tors associated with the translational motion:

P = Z<a| —iV|B)atag (18)
af
and
P.-P= Z — V2|aYal ag
+ Z (a] —iV]a'y - (8] — iV|#)alafagas. (19)

a,@a’ﬁ’

Since the Hamiltonian H has translational invariance,
these operators commute with H, that is, [H, P] = [H, P-
P] = 0. We will evaluate w(®y|P|P1) and w(Po|P - P|Ps),
where |®;) and |®5) are the spurious states excited with
P and P - P, respectively, and show that these states
have zero excitation energy in STDDM. The evaluation
of w(Py|P|P1) and w(Py|P - P|P2) using the equations
of motion for the transition amplitudes is equivalent to
that of (Po|[P, H]|P1) and (Po|[P - P, H]|P2), provided
that (Po|[P, H]|®1) and (Py|[P - P, H]|P2) are calculated
in the same way as used to derive the equations of mo-
tion for the transition amplitudes. In the case of the exact
problem, it is, with egs. (5) and (6), trivial to see that
w(Po|P|P1) and w(Py|P - P|Ps) are identical to zero be-
cause the left-hand sides of eqgs. (5) and (6) are reduced to
the commutation relations between the Hamiltonian and
these translational operators. Since the linearization and
the HF assumption are made in the derivation of STDDM,
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it is not trivial to show the above properties of the spurious
states. However, the linearization should be valid in the
weak-coupling limit and therefore we can anticipate that
the Goldstone theorem also holds in this case, provided
that the linearization procedure is correctly performed.

3.2 Spurious states in RPA

As is well known, RPA gives zero excitation energy to the
spurious state |@1) excited with P, although only the 1p-
1h and 1h-1p components of the one-body amplitudes are
taken into account in spite of the fact that P also contains
in addition 1p-1p and 1h-1h components. To illustrate our
approach for the problem of the spurious states, we begin
with proving w(®g|P|P1) = 0 in RPA. Using the relation
(Polal,an|P1) = Tao and egs. (13) and (14) for z,), and
Thp, we modify w(Po|P|Pq) as

w(Bo|iP|®1) = w Y [(AIVIp)wpn + (pIV[R)an,]

ph
= Z [(BIV [p) (e

+ Z (PIV ) ((ph/[0|hp') Aty +
php'h’

—(PIVIR) ((hp'[v]ph") Az + (AD [v]pp') a)pn].

A further modification is made using hgto = €4%q, Where
ho is the HF single-particle Hamiltonian, and the closure

relation 37 4y (r)ihy(r') = 6°(r — ') = 32, ¥n(r) ey (r'):

= > AV, hollp)zpn + (PIIV, hollh)w,)
ph

+Z[(<hh/\vlv|hp>,4*
hph!
+((hp|V1v|hh') 4 — (hp|vV|RA')

n)xpn + (p|VIh) (en — €p) ]
(pp'|v|hh') A prp)

(20)

w(®o|iP|Dy)
(hW [0V 1 [hp)+ (RR |0V 2| ph) ) @1
+ (hplvVa|h'h))z )]

(21)

The first term on the right-hand side of the above equation
can be written in terms of v using

(/I[V, holl) = Y _[{a'h|(V10)|ah) 4

h

—(a’hlvV1|ha) + (a'h|vV3alha)].  (22)
Finally eq. (21) becomes
w(@oliP|®1) = Y [((RH|(V1v)|ph') 4 — (A |vV1|Hp)

phh/

(W [vVa|W p))apn + ((ph/|(V1v)|hh') 4

—(ph'[oV1|W'h) + (ph'[vV 2| ') 2]

+ D [((W'BI(V10) WD) a
phh!

+ (W hoValph'))zpn + (('pl(V1v)|R'h) 4

—(W'ploV1|hh) + (W'ploVa|hh'))z )],

— (W' h]vV4|ph')

(23)
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where (Viv) means that V; acts only on v. Since v has
translational invariance, the sum of the following two
terms on the right-hand side of eq. (23) becomes zero:

(' [(V10)|ph') 4 + (W'R|(V1v)[l'p)a =

(hh'|(V1v) + (Vav)|ph') 4 = 0. (24)
Another sum of the two terms also vanishes
—(hW vV 1|W'p) + (' AoV |ph')y =
(h'h| — vVa +vVa|ph') = 0. (25)

Similarly, all other terms on the right-hand side of eq. (23)
cancel out. This means w = 0. As shown above, both
the inclusion of the backward amplitude xp, and the un-
restricted sum over unoccupied single-particle states are
essential in RPA to give zero excitation energy to the spu-
rious state [4]. A detailed numerical investigation for the
elimination of spurious-state mixing in the case of RPA
has recently been carried out by Agrawal et al. [21].

3.3 Spurious state in STDDM

Along the lines illustrated above, we then show that
w(Pp|P|P1) = 0 in STDDM. Using the equation for z4q
(eq. (3)), we modify w(Py|P|P1) as

w(Po|iP|Pq) = Z(a’\VM)wxaa/
= Z<O/‘V|a>{(6a — €a/)Taa’
+(for = fa) D_{aX|v]a’ X) azai
AN
+ Z [X)\)\/a/,\//<a)\//|v|)\>\l>
AA/A/I

— X (AN o]/ N}, (26)

where the sums are over both occupied and unoccupied
single-particle states. Using hot, = €49, and the closure
relation Y ¢(r)yi(r') = §%(r — '), we further modify
eq. (26) as

W(@o|iP|®1) = > (o [[V, holle)aar
+ ) T URAIV1v[hN ) 4 — ((RAJ0V1[AN)
AN h
—(RAWVANE)Jzaa + D> [Xawvarar (@ X [V1o]AN)
aa AN N

—Xa,\/,\,\//<>\)\//|1)v1‘Oz)\/>]. (27)

Using eq. (22) and changing summation indices, we obtain
w(Po|iP|P1) = Z [('h|(V1v)|ah) 4 — ('hlvV1|ha)

aa’h
+{a'h|vVa|ha) + (ha!|(V1v)|ha) 4 — (ha! [vV1|ah)
+{ha! [vVa|ah))]|Taar + Z Xaparp (o B'|[(Viv)|af).
aBa’ B’
(28)
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The first sum on the right-hand side of the above equation
which includes terms proportional to x,’ is a generaliza-
tion of eq. (23) and vanishes for an interaction v with
translational invariance. The second term on the right-
hand side of eq. (28) can be expressed as

Z Xa,@a’ﬁ’ <O/ﬁ/|(v1v)|a6>

afa’B’
1

=2 3 Kepws(@'BI(Vi)la) + (3'a/|(V10)] o)
afa’ B’

:% > Xaparp (@'B'(V10) + (Vav)|af). (29)
afBa’ 3’

Since v has translational invariance, (Viv) + (Vav) = 0.
Thus, again w(Pg|P|P1) = 0 is proven. As shown above,
unrestricted summation over the single-particle indices «
and o in eq. (26) is essential to derive the last term on
the right-hand side of eq. (27). This means that, contrary
to the standard RPA where only ph and hp components
of P are needed, any ERPA formalisms with restricted
one-body amplitudes cannot give zero excitation energy
to the spurious state associated with the translational mo-
tion. However, this does not depend on approximations for
two-body amplitudes as long as the symmetry property is
respected as seen in eq. (29).

3.4 Double spurious state in STDDM

In a way similar to the above, we show that w(®y|P -
P|Py) = 0, where |P2) is the double spurious state. The
term w(Py| P - P|P2) contains both the one-body and two-
body contributions,

—w<¢0|P . P‘¢2> =
w{ D (@ [VPa) =20/ |V|R) - (h]V|a))zaa
aa’ h

+ 3 (@|V]a)- <B’|V|5>Xaﬁa,5,},
afa’pB’

(30)

Using egs. (3) and (4) for 240 and Xaga/sr, hota = €aa
and the closure relation Y.  ¥(r)¢k(r') = 83(r — r'), we
modify the right-hand side of the above equation. After
some lengthy manipulations, the terms containing x,q
and one summation index over occupied single-particle
states become

2 Y [(/hl(V30)lah)a + (@'hl(V1v) - Vilah)

aa’h

—(a'h|(V1v) - Vi|ha) + (ha!|(V1v) - V1| ha)
_<h0/‘(vlv) : V1|ah>}xaa’

+2 Z [(&'h|(V7 - Vav)|ah)a + (a'h|(V1v) - Va|ah)

aa’h
—(a'h|(V1v) - Va|ha) + (a'h|(Vav) - Vi|ah)

—('h|(Vav) - Vi]ha)]zaar, 31)
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where the first sum comes from the terms with z,,/ on the
right-hand side of eq. (30) and the second sum from the
term with X,gq/g/. Since v has translational invariance,
(V3v)+(V1-Vav) = 0. Therefore, the sum of the following
two terms in eq. (31) becomes (a’h|(V3v)|ah) a+(a’h|(V1-
Vav)|ah) 4 = 0. All other terms vanish for similar reasons.
In addition to the terms shown in eq. (31), there appear
terms with x,. and two summation indices over occu-
pied single-particle states, and also terms with X,ga/g
in the modification process of eq. (30). It is straight-
forward, though lengthy, to show that these terms also
vanish for a translationally invariant interaction. Thus
w(Py| P - P|P3) = 0, that is, w = 0. As mentioned above,
unrestricted summation over single-particle states is again
essential to obtain this conclusion. This means that only
ERPAs with all one-body and two-body amplitudes, that
i, Tph, Thps Tpp's Thi' s Xpp'h's Xhh'pp's Xphp'h'> Xphh'h'!
Xh’h”phapr/hp”a th”pp’a pr’p”p’” and Xhh’h”h/”v give
zero excitation energy to the double-phonon state corre-
sponding to the spurious mode associated with the trans-
lational motion. Let us also point out that in taking into
account all amplitudes of x and X may seem trivial that
the Goldstone modes are restored. We should not forget,
however, that in the derivation of STDDM we have made
quite drastic approximations which make it necessary to
show explicitly that the invariances are fulfilled. Since
STDDM and the ERPA with hermiticity, which will be
given in sect. 4, are formulated using all one-body and
two-body amplitudes, they may have zero-energy solu-
tions. These zero-energy solutions presumably couple to
the spurious modes if they have the same quantum num-
bers as the spurious modes. However, as long as these
ERPAs are applied to study collective states such as gi-
ant resonances, the coupling of the spurious modes to the
zero-energy solutions cannot be a serious problem. Indeed,
in a subsequent paper with numerical applications, we will
show that zero-energy solutions cause no problem.

3.5 Single and double Kohn modes

When a system is confined to a harmonic potential
U = %mw%ﬂ, the spurious mode associated with the
translational motion has an eigenvalue of fuwg, indepen-
dently of the translationally invariant two-body interac-
tion. This property is known as the Kohn theorem [9-11].
In this section we show that our ERPA equations satisfy
the Kohn theorem and also that the eigenvalue of the
double Kohn mode becomes 2hwy. Due to the presence
of the harmonic potential the single-particle states are
chosen to be eigenstates of the modified Hamiltonian,
Wiy = €qthe, where b = hg + %mw%rQ. In a way similar
to the spurious mode, we evaluate w(®Py|P|P1) using
the equations of motion in STDDM. Since the two-body
interaction has translational invariance, terms with the
two-body interaction vanish and

W(Bg|iP|D1) = — Y (almwir|e/)zere = —mwg ($o|Q|1)
aa’

(32)
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holds, where Q@ = Y (a|r|a/)ala, . Similarly, a non-
vanishing contribution to w(®Py|Q|P1) comes only from
the kinetic energy term, and we obtain

2
A Bo|QI1) = (o] Pl (33)
As for the spurious mode in the case of translational
invariance, subsect. 3.3, it is essential to keep all com-
ponents of the one-body amplitudes to obtain the above
expressions. From egs. (32) and (33), we get w = £hwy.
In the case of the double Kohn mode, expectation val-

ues of three operators couple in the following way:

W(Pg|iP - iP|Ps) = 2mwd(®o|Q - iP|Ps), (34)
w(®P|Q - iP|Py) = %Q@OMP - iP|®s,)

+mwi ($o|Q - Q|Ps), (35)

SB01Q- Q) = 2 (3@ - 1P(y). (36)

The right-hand side of eq. (34) comes from the harmonic
potential. Both the kinetic energy term and the harmonic
potential contribute to the right-hand side of eq. (35),
and the kinetic energy term becomes non-vanishing on
the right-hand side of eq. (36). All terms with the two-
body interaction vanish due to translational invariance.
It is essential to keep all components of the one-body and
two-body amplitudes to derive egs. (34)-(36) as in the case
of the double spurious mode discussed in sect. 3.4. From
the above equations we get w = £2hwy.

3.6 Continuity equations

We end this section by showing that our ERPA equations
satisfy continuity equations. In a way similar to the single
spurious mode we evaluate wy (Po|p(r)|Py), where j is the
density operator p(r) = Y. % (7)o (r)al an, and obtain

wx(Polp(r)|Pr) = =V - (Dolj(r)[@x), (37)
where the current operator j is given by

h2
=5 D [a () Vi (1) = (VU5L(r) e (r)]ad an
(38)
for a momentum-independent two-body interaction. Thus,
the continuity equation for the one-body transition den-
sity and current is satisfied. Keeping all components of the
one-body amplitudes is essential to obtain the continuity
equation.
Similarly, the transition amplitude for the two-body

density operator go(r,r’) defined by
pa(rr’) = Y UL (Ps(r e (r)e (ragafagan

3(r)

afa’ B
(39)
satisfies the continuity equation
wx(Polpa(r, 7)|®x) = —(Vy - (Dol2(r,7")|®r)
+Vo - (@olg2(r',7)|Py)),  (40)
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where the two-body current operator j, for a momentum-
independent two-body interaction is given by

2
alr,r') = 5 S () (Vo (1)
(V5 ()W (P (Y (g

In the derivation of eq. (40) it is again essential to keep all
components of the one-body and two-body amplitudes.

(41)

4 ERPA with hermiticity

The equations of STDDM (egs. (3) and (4)) show asym-
metry and non-hermiticity, although this causes no prob-
lem in conserving various physical properties as discussed
above. In the following we show that ERPA with symme-
try and hermiticity can be formulated using the equation-
of-motion approach [22] and the correlated ground state in
TDDM. We have pointed out [23], in deriving Landau’s ex-
pression for the spreading width of a collective state, that
it is important to include ground-state correlations to re-
move the asymmetry in STDDM. It is well known [22] that
the asymmetry problem always appears in the equation-of-
motion approach when the ground state is replaced by an
approximate one. Before presenting the formulation of our
ERPA, therefore, we summarize the origin of the asym-
metry in the equation-of-motion approach. When |®y) is
the exact ground state of the Hamiltonian, there exists an
identity involving a one-body operator A = ala, and a
two-body operator B = a;ta;agzaa/:

(Dol[[B, H],
(Pol[H

When |@¢) is approximated by the HF ground state, the
above identity is violated, that is,

Al|®o) — (2ol[[A, H],
:[4; Bll|®o) = 0.

Bl|®o) =
(42)

(Pol[H, [A, B]||®o) # 0 (43)
and, consequently,
<¢O|[[BvH]7A]|¢O> 7é <¢OHA7H]7BH¢O>' (44)

Since the left-hand side of the above equation describes
the coupling of the one-body amplitudes to the two-body
ones, and the right-hand side that of the two-body am-
plitudes to the one-body ones, the resulting ERPA has
asymmetric couplings. In order to avoid the difficulty of
eq. (44), Rowe introduced a symmetrized double commu-
tator [22]. However, it was pointed out [16] that there is
an ambiguity in the choice of such a double commutator.
Now we proceed to the presentation of our ERPA
with ground-state correlations. The ground state |®g) in
TDDM is constructed so that
(®ol[H, a ac]|Po) = 0 (45)
and

~

a;ra;ag/aa/]@@ =0
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are satisfied for any single-particle indices [8]. In other
words the occupation matrix n’ , and the correlation ma-
trix C o+ the expansion coefficients of py and Co, re-
spectlvely, are determined in TDDM so that the above
two equations are satisfied. The explicit expression for
egs. (45) and (46) depends on the single-particle state 1.
The equations for ng o and C’g, 5 Shown in appendix A
are obtained when 1), is chosen to be an eigenstate of the
mean-field Hamiltonian hgo(pg), that is,

oo (1) =~ 1)
n /dQ'U(la2)[[’0(272)¢a(1)*P0(172)¢a(2)] = cattall),
(47)
where
5. (48)

1) = ndata(l)e

Although it is not evident to find an analytic solution of
egs. (45) and (46) [24], a method for obtaining n? , and
C? 3or 3 numerically has been proposed [25] and already
been tested for realistic nuclei in the study of giant reso-
nances built on the correlated ground state [26,27]. Since
the commutation relation [A, B] = [ataq, a;ai‘ayaﬁ/] in
eq. (42) becomes a sum of two-body operators, we find

(Dol[H, [af aur, afsat ayrap]]|Po) = 0 (49)

which holds due to eq. (46). This means that the coupling

matrices are symmetric, that is,
(Polllagayayas, H],afaq]|Po) =
(®olllad aar, H), afa] ayag]|Po) (50)

for the correlated ground state in TDDM. The ERPA
equations based on the TDDM ground state are formu-
lated using the equation of motion approach [22] as

(Wo[lag ao, H], Q7)) = w(Wllag aa, QF]|%), (51)
(@ol[[: ag agaﬁ'aa L HJ|, Q1) =
w(Wll: afafagaa Q] %), (52)

where the operator QT is defined by
Q+ = Z(xM/a:\"aN + X>\1>\2)\'1>\'2 : a;\"laza)\éaxl S) (53)

and |Wp) is assumed to have the following properties:

Qt W) = ), (54)

QW) =0. (55)

In egs. (52) and (53), : stands for : aga;ag/aa/
= a;‘;a;a[g/aa/ - Alafan (Polafas W) + aga[g/

(Wolat ans|Wo)), where A is an antisymmetrization oper-
ator. The above equation can be written in matrix form

(55) (%) = (%3) (%)

(56)
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where each matrix element is given by

Si(da: AN) = (Wo|lat anr, al an] W), (57)

Sg(a’ﬂ’aﬁ S A AANNY) =

(Wol[: af aﬁag/aa/ G a;\rlaLa)\/ZaXl |1%o), (58)

Ti(a'a: MA A Xy) = (Wollafaw, - aX aX axjax; :]|W),
(59)

To(/B'af : M) = (Wo[: atafapan :,alax] W), (60)
A a: AN = (Wl[latanr, H], af ax]|Wo), (61)

B(d'B'ap : AN') = (o[[: a+a;a5/aa/ 5, H, af ax]|Po),
(62)

C(O/Oé : /\1)\2)\’1/\/2) =

(Bolllag anr, H], : ay, ay,ax,ax; ||[¥), (63)

Dle' s M ) -

(Wol[[: af aﬁaﬁ/aa/ L H, e aj\'la;\:axgaxl J|%o). (64)

When the above matrices are evaluated, the ground state
|Wy) is replaced by |®g) in TDDM. Then all matrices in
the above are written in terms of n2,, and C? Bar > Which
are shown in appendix B. Due to egs. (45) and (46), the
above matrices have the following symmetries:

Al a: AN)=ANX:ad') = AN 1 d'a)*,  (65)
B(Baf: AN)=CNX:aBd'3)=CAN :d'FaB)".
(66)

This version of ERPA gives zero excitation energy to spu-
rious modes associated with operators O which commute
with H and consist of one-body and (or) two-body op-
erators. This is because w(%|0O|¥) = (¥y|[H,O]|¥) = 0
holds due to egs. (51) and (52). Although the coupling
matrix between the one-body and two-body amplitudes
is symmetric, the Hamiltonian matrix on the left-hand
side of eq. (56) is not yet Hermitian because D = DT
does not hold. This originates in the fact that (Po|[H
[: a;tagaﬂ/aa/ o ay, af, axyax; ]|@o) # 0. In order to ob-
tain a Hermitian Hamiltonian matrix without any trun-
cation of the two-body amplitudes, we need to impose

(Do|[H, aiagaiavlalg/aa/]@@ =0 (67)

in addition to egs. (45) and (46). This condition guaran-
tees (Po|[H, [: a:agag/aa/ G a;a:\:akéaxl |@o) = 0,
and thereby

D(d/B'af : M AN, = ()\’ A1 A aﬂa G )
Equation (67) is explicitly shown in appendix B. For a
Hermitian Hamiltonian matrix the orthonormal condition
is given by [28]

i (25) (3) =

where x,, and X, constitute an eigenstate of eq. (56) with
w = w,. The completeness relation becomes

S () e () -1

m

(69)

(70)
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The transition amplitudes for one-body and two—body op-

erators, z = (¥plat an |¥) and Z= (W] : a aﬁ agay ),
respectively, are calculated as follows:
z o Sl T1 X

()-(Bs)(x) @

Equation (56) has a certain similarity with the so-called
Self-Consistent RPA (SCRPA) equations [22,29,30], ex
tended to include higher configurations. In case the
X ax,n, amplitudes are dropped in eq. (53), eq. (56)
reduces to something similar to what has become known
as renormalized RPA (r-RPA) [31]. The main difference
seems to come from the fact that here eq. (45) serves to
determme the occupation matrix n o+ Whereas in r-RPA

q. (45) is used to establish the smgle particle basis. It
should be interesting to investigate this relation more in
detail in the future.

5 Summary

The necessary conditions that the spurious state associ-
ated with the translational motion and the double spuri-
ous mode have zero excitation energy in Extended ERPA
(ERPA) were investigated using the small-amplitude limit
of the time-dependent density-matrix theory (STDDM).
The reason why STDDM was used is that it has a quite
general form of the ERPA kind based on the HF ground
state. In the case of the single spurious state it is found
that ERPA, which keeps all components of the one-body
amplitudes, gives the spurious state at zero excitation en-
ergy. This does not depend on approximations for the two-
body amplitudes as long as they are properly antisym-
metrized. For example, ERPA with only the 2p-2h and
2h-2p components of the two-body amplitudes preserves
this property of the single spurious state. In the case of the
double spurious state, all components of the one-body and
two-body amplitudes, if they couple, are found necessary
to yield the mode at zero excitation energy. Of course, no
truncation in single-particle space should be made in both
cases. The Kohn theorem for the single and double Kohn
modes and the continuity equations for transition densi-
ties and currents were also investigated and found to hold
under the same conditions as those necessary for the spu-
rious states. It was pointed out that STDDM inherently
has asymmetry and non-hermiticity, although it conserves
various physical properties as mentioned above. A formu-
lation of ERPA with hermiticity was also presented using
TDDM, in which it was discussed that a three-body cor-
relation matrix needs to be included in the description of
ground-state correlations. The investigations in this work
were performed for the spurious translational motion. It
seems, however, clear that analogous considerations can
be made for any spontaneously broken symmetry. An in-
teresting case could be the coupling of quark-antiquark to
the four-quark sector using, e.g. the Nambu—Jona-Lasinio
model [32]. In this case one knows that chiral symmetry
is spontaneously broken [32] and therefore in the chiral
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limit a double Goldstone mode (two pions) should ap-
pear. In the case of finite current quark masses analogous
equations to those yielding the Kohn modes considered
here should exist, actually well known as the Gell-Mann—
Oakes—Renner relation [33]. To our knowledge the issue of
the double spurious mode in ERPAs is taken up for the
first time in this work.

Appendix A.

When 1, is chosen to be an eigenstate of the mean-field
Hamiltonian (eq. (47)), eqgs. (45) and (46) become 8]

Z (Cglxm/,\3<a)\3|v|)\1)\2>
Az s

(€ar = €a)Ngar =

—Corgains (M Az[v]a’As)) (A1)
(60/ + €3 — €a — Gﬁ)cgﬁalﬁ/ -
nga/ﬂ/ + P ﬂa/ﬁl + Ha/galﬁ/ (A-2)
where
Blswp = > (MAafv]Asha)a
A1A2A3A4
x[(6(1>\1 - ngzz\l)(dﬁ/\z - n%/\g)ngga/ng\46’
_ngkln%)\g (5)\304/ n)\;;oz )(5)\4[3/ n9\4ﬂ/)]7 (A'S)
Pgﬁalﬁl = Z <>\1/\2|’U‘)\3)\4>
A1 A2 A3
X [(Bax, 0pxa = Saxi B, — Tox, 0630 )CRrpar s
_(6)\30/5)\4ﬁ/ - 6)\30¢/n(;\4ﬁ, - ng\gal(s)\élﬁ/)cootﬁ)\l)\z]’
(A4)

Hgﬂo/ﬁ’ = Z <>\1A2|U|)\3>\4>A

M1 Azhsha
x [60‘>‘1 (77&30/0345)\25/ - n())\sﬁ’ ngﬂzo/ + C§3A4Ba’>\25’)
+6ﬁ>\2 (n())\4,6’023a)\1a’ - n())\4a’023a)\1ﬁ’ + CE4A30¢B’)\10/)
—0arxs (Max, CRisr0s = 183, Chyanas + Caruprines)

0 0 0 0
—0px, (”5A20A3a>\1a' -n )\QC)\;;B)\la’ + CBAgcx)\gkla’)}'

(A.5)
The three-body correlation matrix C9 ﬁwalﬁ, , is also
included in eq. (A.5). The equation for CY aByal iyt 1S

obtained by neglecting the four-body amphtudes and
becomes

0
€3 — EA/)Caﬁ,\/a/B/,y/ =
'+ Uapypryrar = Uapyary'pr

(ar + €3 + €y —€q —
Uapyars'y

* * *
_UQ/B/,Y/O(/B,Y - Ua/ﬁ/,y/ﬁ,-ya + U(l/ﬁ/'y/()é’yﬁ

TVapyarpiy + Vapysiyar = Vasyary s

* * *
7VOZI/B/'Y/Q5'Y - Valﬂ/’ylﬂ’)’a + Va/ﬂ/,yla,yﬁ’ (A~6)
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where
Uaﬁ’)’alﬁ"‘/' == Z /\1/\2|v|aﬁ> ( Ty aﬂkzv’
A1 Aa
0
n@\lC’ YA2y’ + nO‘)\lcﬁ'Y)\Z'Y )
<)\1)\2|’U|Oé ﬁ> aﬁ’y)\lAg’y’L (A7)
Vaprarpry == O (Ada|v]e/As) (=08 m9y, Copa,
A1 A2 A3
0 0
T Capyaine
0 0 0 0
+C&ﬁ)\1>\20“/>\3ﬁ’7' - Caﬁ)\lﬁlc’y)\s)\z’Y'
+all other exchange terms). (A.8)

Equations for correlation matrices of higher ranks may

be formulated according to the truncation rules given in
ref. [12].

Appendix B.

The matrix elements of egs. (57)-(60) are explicitly shown
below:

Sp(a: AN) =0 0arx — 10\ anr, (B.1)
Tr(a'a s MAeN As) = Oy an,0orn + Conniagng Oy
CO’A’ A1z 00\ C)\’ )\’a)\l a’Azs (B'2)
To(o/B'af : AN) = Cgragdarn + Cgraadpn
~CnBar — Crarasdia (B.3)

Sa(o/F'afB = AA NI \y) =
A(Barn; 5530 ) (AR 0135 5) + Cynpas)

—A(Bax; 03 (AN, 1%5,) + Csaing)

(

LR BB MANA) — F(a'BaB : MM\,
P08 Ba: MAsNN) + F(a!B'Ba : MAsN,\,)
—F(\ A5\ A0t aBa’3) + F(N[A5ha )\ aBd’3')

FEO AN aBfa’) — F(M Ao - affla’),
(B.4)

where

F(o/B'af : MA2XA,) = o, [A(nQ 5, 13, )03 5

0 0 0 0 0 0
+nA/QBCalB/A1A2 + na/)\lcﬁl)\/z)\2ﬁ - nﬁ,AlCa/AleZﬁ

0 0 0 0 0
N, Caannig 18, Carnpnns T Carpranairasl-
(B.5)

The three-body correlation matrix is also included in
eq. (B.5). The matrix elements A, B, C, and D are given in
the following. For simplicity, terms containing Cgﬁva’ By
are not shown. They appear in B,C, and D: Wherever
there is a term containing n? Cﬁvﬁ’ ,, there exists a
corresponding term with Coéﬂ,m/ - The expressions for
A, B,C, and D are not unique and their symmetry prop-
erties are not necessarily apparent. Equations (45), (46),
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and (67) allow us to take other expressions and guarantee
symmetry properties:

A(o/a : )\)\/) = (Ea/ - EQ)((SAQ/H()J\/ - (5)\/,1%3/)\)
+ Z 75|v|a)‘ (n)\"y a’§) + C)\’a 75)
R7J

HN A [0]o7) (A5 n8a) + Cgran)
<)‘ 6|v‘a7> ( 'y)\n ) + Ca 76))
_<’70¢ ‘U|5/\>A(n)\"yn6a + C)\/&ya)]

- Z(<O/’}/"U|5’Y/>5)\/QC(?,Y/)\,Y + <75|v|a’71>6)\a’02/'y’75)7

Y6y’
(B.6)
B(d'B'af: AN) =
D AN olaB) alAmganG,) + Copiay)
B!
o' B'[0]A7) alA(nR a5 5) + CRyasl)
HBap: AN)—H(BdaB : AN)
+H* (aBd/ B : NX\) — H*(Bad’ ' : N'N)
+I('BaB: AN) = I(d' B Ba: AX)
+I*(aBd' B NX) — I (aBB'a’ = N'N), (B.7)
Claa: M AN Ny) = B(AJAG A1 A2 1 ad), (B.8)

where

H(o/ 0 : W) = —0rar{(€a + €5 — €ar — €3)CRopra

+((vl0]aB) (AR nGis) + CRopras)

)

- Z [(v0v]ar") a(n3rynfisnd s 4+ 1Sy Chryrss
8y

—n%, Y, v6p) T <75|v|a7'>n3,50§,5/75

<76|U|ﬁ’y> (n)\’ n,@/&n +n())\”ycﬂo3"y’5a

_nﬁl'YC)\/'Y/‘SD‘) - <’7(5"U‘,8’7 >n2/aC§/,@/75
+(B"71v167") al
_no’ﬁcg/\’a'y)

I(d'BaB: AN)

nA/ n(wn +n,y aC&)\/ﬁ,Y

+ <ﬁ 7‘U|67 >n/\"yC'y’6o¢B]}’ (Bg)

Z{ (vo)v|ar) a

- n/@/,ycalAléﬁ)

Ng ,Ynﬂ/(;nxg

+na/,YCB/>\/56
+<’}/(5|'U|CYA> (ng)\/ﬁcg/ﬁ,,yé + ng/,ycgrﬂ/(sﬁ)]
— (N folad) 4l A(n

0 0 0 0
+n5/80a/ﬁ/>\,y + na/ACﬁ/g,ﬂg —

0 0 0 0 0

a/)\nﬁl,y)n(w + n(;)\Ca/ﬂ/,YB
0 0

nﬁ/)\ca/é,m

0 0 0 0
*TLOL/,YCB/(;)\L; + ng/,yCa/(;)\ﬁ]}.

(B.10)

The matrix D is given as

D(d'B'af : MANNy) =
(€ar + €30 — €0 — €3)Sa2(a/Baf : AN S)
(A /2|U\a5>A(A(ng',\1”%o\2) + Cg/ﬁf,\l,\Z)
o B0l MA2) a (A1 o135 5) + O aa)
FI(Q BB s MASNAL) + TF (BB NNy o)
+K (B af : MANN,) + L/ B'af : A A N[ )

+all other exchange terms of K and L, (B.11)

where

T/ Baf s MANN) = A(éxm/mo{ S [46lelas)
Yo
= ((v8lvlary'yn 5 —
,y/

(A(nghn&)é(;) + 02'1,\'275) + Z [<75|U|047/>(ng'1502/,\'2y5
6y’

(v0]v]3y')nd0))]

0 0 0 0 0 0
=13, 505 x5 — M4 Cyagps + 10y, g as)

—(1810187 ) (13O xpvs = M0 Coratns

_ng\’l'ycg’)\/zaé + n(/)\’z'yc'(\/)’)\’la5)]}7 (B12)

K(d'B'af : M AN Ny) =
Ox o/ { Z[<75|U\aﬂ>A(n?\;y“?\;zs“%% + ”ggycf\zﬁ/sxz)
)
+(v0|v|ar2) a (nx nY, ﬁnﬁlé + n/\, C’/\,ﬂ 55)
0
+(v8'[vA26) a(nganSy 413, + 1850 Ay ary)

+all other exchange terms]

> _l(dfvlar’)a

Y6y

'n,)\/ nﬂ/(;n)\/ﬁn /A2+n)\/ nﬂ/(;c)\/,y[”q

0 0 0 0
FCR 51260y 3a) — (VB [01Y' ) A (1R 1Ry 15 5716,
0,0 A0
13513, 0C%5y00 T CRyryrasCNsya)
+all other exchange terms] }, (B.13)

L' B aB: MM N\S) =

=Y Lol AA2) (0, nR 418y 5 + 112 CRy )
S
+all other exchange terms]

+ D[l [vlhd) a(ng
¥o

0 0 0
RSOV DN

0 0
+ Cr5208C% xyay)

+all other exchange terms].

0 0 0
130, M56C0% Apary
(B.14)

Finally, we discuss a relation between eq. (56) and a set
of the STDDM equations (egs. (3) and (4)). When the
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ground state is approximated by the HF one, egs. (B.1)-
(B.4) become

Sl(a’a : )\/\/) = (fa — fa/)éa,\/éa/,\, (B15)
Sg(a'ﬂ’aﬁ : )\1)\2)\/1>\/2) =
A((Sa)\/l(sgxg)A((?O/)\l(sg/)\Q)FaO/ﬁ/aﬁ, (B16)
T1 (OL’OZ : )\1)\2)\’1>\12) = Tg(alﬁ'aﬂ : )\)\/) = 0, (Bl?)
where
Fg/ﬁ’aﬁzfafﬁfa’fﬂ’ _.fa.fﬁfa'fﬁ" (Blg)

Equations (B.6)-(B.8) and (B.11) become the following:

Al(d' o : AN) = [(€ar — €a)0arOarx
+HNa vlaX) a(for = f)l(fxr = £2), (B.19)
B(&/Baf: \) =

~[(fatsfor + fafsfo )N B'lv|aB) adax

—(fafsfar + fafsfar) (N [v]aB) ads

(fﬁfoz fﬁ/ + fﬂfa fﬂ )<O‘//6/‘v|/\ﬁ>A5a>\’
+(fafar for + falor fo) (e B0 adpa](fxr = fr),

(B.20)

C(a/a: AA A1 N,) = B(AJ AL A1 s ad), (B.21)

D(a’B'aB : MA2NAG) = FX \ a0

(o
X{ €q’ + €3/ — €q — 65)"4(601/\'15[”\'2)A((Sa’kléﬁ’)\z)
— far = Fa ) (B [v[A1A2) AA(San; Opny)

fa T8)(AAS|v]aB) aA(Barx, 057, )
foo = far)[{&' M v]aAi) 4dp 2,08,

+

- -

(1

-1

(

(' Xofvlara) adpra, dpn

—(a' N |v|adz) adpx, 05, — (@' N5|v|adi) adpra, 5]

+(fp = fo ) (B AL[0]BA1) adarx; dax,

+(B'Xo|v]BA2) A0arx, San,
—(B'Ni[0|BA2) 4003, 0any — (B'A3|v[BA1) 40arx, axs]
—(fa = ) (BN [v]aAi) adarx, s,
(
—(
—(
(
—(

+(B' Ap|v[adz) adarx, dpx,
B\ |v|oz)\2>,46a/>\165,\/ — <ﬁ’)\’2|v|a)\1>,45a/,\255)\/1]
foa = o) [(B' N [vlaAi) adarx, dp,
+(B |U|a)\2>A5 M08
N lolada) adarn,ox, — (B Nalolads) adarn, o] |-
(B.22)

If Siz and S X which appear in the equation for X,
that is, Bx + DX = wS2X, are replaced by x and X,
respectively, the equation for X is equivalent to eq. (4).
However, the replacement Six — x and S5 X — X in
Az + CX = wSiz cannot give eq. (3) because of the
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symmetric coupling between x and X. Since the expression
for C (eq. (B.8)) is not unique as mentioned above, we can
always take an expression for C' which leads to the same
coupling matrix as in eq. (3) in the HF limit. Such an
expression for C' is the following:

C(CYIO( : )\1)\2)\’1)\/2) =
FR oo, (@05 [0 A h2) 4050 — (/A [0] A1 A2) 4030
<)\/ A |v|a)\2>A6>\1a/ + <>\ A |U‘Oé)\1>A(S)\2a ) (B.23)
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